
PHYSICAL REVIEW E SEPTEMBER 2000VOLUME 62, NUMBER 3
Hemispherical dynamos generated by convection in rotating spherical shells

E. Grote and F. H. Busse
Institute of Physics, University of Bayreuth, D-95440 Bayreuth, Germany

~Received 22 February 2000!

At Taylor numbers of the order 108 and Prandtl numbers of the order 1, dynamos generated by convection
are found for which the magnetic field is essentially confined to either the northern or the southern hemisphere
of a rotating spherical shell. The time dependence is typically chaotic, but latitudinal waves can be discerned
that cause the magnetic field to change its polarity in a cyclical fashion. A possible relationship to a solar
phenomenon is pointed out.

PACS number~s!: 47.65.1a, 91.25.Cw, 96.50.Bh
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The dynamo process in which magnetic fields are gen
ated by motions in an electrically conducting fluid is gen
ally believed to be the cause of large-scale magnetic fie
observed in the universe. Stellar and planetary magn
fields in particular are generated by convection flows in
electrically conducting interiors of stars and planets. T
problem of convection driven dynamos in rotating spheri
shells is thus of fundamental importance for numerous ap
cations in geophysics and astrophysics. The increase in
cent years of readily available computer capacity has per
ted the exploration of regions of the parameter space
spherical dynamos that were not accessible hitherto. In
paper we wish to draw attention to the phenomenon of he
spherical dynamos.

In the following we use a standard formulation of th
spherical dynamo problem with a minimum number
physical parameters that include those of primary importa
for stellar and planetary applications. While it is not possi
to reach in numerical simulations the asymptotically hi
values of the dimensionless parameters realized in cos
bodies, it seems feasible to attain appropriate values of
rameters such as the Rayleigh number and the Taylor n
ber if the latter are based on eddy diffusivities instead
molecular diffusivities.

We consider a spherical fluid shell of thicknessd that is
rotating about a fixed axis with the constant angular veloc
V. We assume that a static state exists with the tempera
distribution TS5T02bd2r 2/2 and that the gravity field is
given by gW 52gdrW where rW is the position vector with re-
spect to the center of the sphere andr is its length measured
in units of d. In addition to the lengthd, the timed2/n, the
temperature bd2n/k, and the magnetic flux densit
n(m%)1/2/d are used as scales for the dimensionless desc
tion of the problem wheren denotes the kinematic viscosit
of the fluid,k its thermal diffusivity,m is the magnetic per-
meability, and% its density. The latter is assumed to b
constant except in the gravity term where its temperat
dependence given bya[(d%/dT)/%5 const is taken into
account. Since the velocity fielduW as well as the magneti
flux densityBW are solenoidal vector fields, we can use t
general representation in terms of poloidal and toroidal co
ponents,

uW 5¹W 3~¹W v3rW !1¹W w3rW, ~1a!
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BW 5¹W 3~¹W h3rW !1¹W g3rW. ~1b!

By multiplying the (curl)2 and the curl of the Navier-Stoke
equations in the rotating system byrW we obtain two equa-
tions for v andw,

@~¹22] t!L21t]w#¹2v1tQw2RL2Q

52rW•¹W 3@¹W 3~uW •¹W uW 2BW •¹W BW !#, ~2a!

@~¹22] t!L21t]w#w2tQv5rW•¹W 3~uW •¹W uW 2BW •¹W BW !,
~2b!

where] t and]w denote the partial derivatives with respect
time t and with respect to the anglew of a spherical system
of coordinatesr ,u,w and where the operatorsL2 andQ are
defined by

L2[2r 2¹21] r~r 2] r !,

Q[r cosu¹22~L21r ] r !~cosu] r2r 21 sinu]u!.

The heat equation for the dimensionless deviationQ from
the static temperature distribution can be written in the fo

¹2Q1L2v5P~] t1uW •¹W !Q ~2c!

and the equations forh andg are obtained through the mu
tiplication of the equation of magnetic induction and of
curl by rW,

¹2L2h5Pm@] tL2h2rW•¹W 3~uW 3BW !#, ~2d!

¹2L2g5Pm@] tL2g2rW•¹W 3$¹W 3~uW 3BW !%#. ~2e!

The Rayleigh numberR, the Taylor numbert2, the Prandtl
numberP, and the magnetic Prandtl numberPm are defined
by

R5
agbd6

nk
, t5

2Vd2

n
, P5

n

k
, Pm5

n

l
, ~3!

wherel is the magnetic diffusivity. We assume stress-fr
boundaries with fixed temperatures,
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v5] rr
2 v5] r~w/r !5Q50 at r 5r i[h/~12h!

and atr 5r o5~12h!21, ~4a!

whereh is the radius ratio,h5r i /r o . Throughout this pape
only the caseh50.4 will be considered. For the magnet
field electrically insulating boundaries are used such that
poloidal functionh must be matched to the functionh(e) that
describes the potential fields outside the fluid shell

g5h2h(e)5] r~h2h(e)!50 atr 5r i andr 5r o ~4b!

The numerical integration of Eqs.~2! together with boundary
conditions~4! proceeds with the pseudospectral method
scribed in@1# that is based on an expansion of all depend
variables in spherical harmonics for theu,w dependences
i.e.,

v5(
l ,m

Vl
m~r ,t !Pl

m~cosu!exp$ imw%, ~5!

and analogous expressions for the other variables,w,Q,h,
andg. Pl

m denotes the associated Legendre functions. For
r dependence, expansions in Chebychev polynomials
used. For further details see also@2#.

For most of the computations to be reported, in the f
lowing, 33 collocation points in the radial direction an
spherical harmonics up to the order 64 have been used.

Solutions of Eqs.~2! describing convection flows in th
absence of a magnetic field are usually symmetric with
spect to the equatorial plane ift is sufficiently high, i.e., the
contributions of spherical harmonics with oddl 2m in ex-
pression~5! vanish. Note thatQ has always the same sym
metry as v, while w has the opposite symmetry in th
spherical harmonic contributions with evenl 2m vanish in
the case of equatorial symmetry. Even in the case of h
Rayleigh numbersR, when the time dependence of conve
tion has become aperiodic, the equatorial symmetry pers
if t is high enough@3,1#.

Because of this symmetry, solutions with a finite ma
netic field bifurcating from the solution of nonmagnetic co
vection are expected to exhibit either a quadrupolar or a
polar symmetry, i.e., the spherical harmonic contributions
the expression forh vanish either for oddl 2m or for even
l 2m. As in the case ofw the symmetry of the toroidal field
g is always opposite to that ofh, i.e., for quadrupolar fields
contributions with evenl 2m vanish while those with oddl
2m vanish for dipolar fields.

Predominantly dipolar magnetic fields are found in co
putations based on Eqs.~2!, but also quadrupolar dynamo
can be obtained in certain regions of the parameter sp
@4,5#. It thus was registered with surprise when dynamo co
putations for parameter values in the neighborhood ot
5104, R553105, P51, Pm55 exhibited hemispherica
dynamos as shown in Fig. 1. Both quadrupolar and dipo
components contribute nearly equal magnetic energy in
case such that the contributions nearly cancel in one he
sphere while they are in phase in the other hemisphere.
phenomenon occurs at finite amplitudes of the magnetic fi
in a regime of aperiodic time dependence such that ther
no contradiction with the symmetry consideration applica
at the bifurcation point. It is remarkable that the convect
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flow has lost little of its equatorial symmetry in the presen
of the hemispherical magnetic field.

The original computations of hemispherical dynamos
ported in@4# are misleading because a longitudinal symme
had been employed in that only even values ofm in expres-
sion ~5! were included in the computations in order to sa
computer time. While this reduction of the full set of expa
sion functions did not affect in any significant way the qu
drupolar and dipolar dynamos which has been tested in@4#,
the rather strong sensitivity of hemispherical dynamos to d
turbances with the wave numberm51 was found only more
recently. Hence all computations reported in the present
per are based on the full set of expansion functions. Cha
hemispherical dynamos can still be obtained when all w
numbersm are taken into account. But they are usually on
found close to the lower limit of values ofR for which dy-
namos can be obtained in the regime between the occurr
of quadrupolar and dipolar dynamos. With increasingR the
nearly perfect correlation between dipolar and quadrupo
components tends to decay and the magnetic field assum
more random appearance. Like quadrupolar dynamos@5#

FIG. 1. Lines of constant radial componentBr of the magnetic
field at the surface of the sphere,r 5r o ~upper plot! and lines of
constant radial velocityur at the middle surfacer 5(r i1r o)/2
~lower plot! in the caset5104, R56.53105, P51, Pm52.
Solid ~dashed! lines indicate positive~negative! values.
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hemispherical dynamos usually exhibit a cyclical behav
corresponding to a magnetic field wave propagating
higher latitudes as shown in Fig. 2. This dynamo wave
most clearly seen in the mean azimuthal component of
field.

Since hemispherical dynamos occur in close competi
with quadrupolar dynamos on the one side and with dipo
dynamos on the other side, intermittent transitions from o
type to the other can often be observed as shown in the
plots of magnetic energies shown in Fig. 3. For the ti
interval 2.4&t&3.4 the dipolar component of the magne
field has nearly disappeared in this case. The energies plo
in this figure are defined by

Ēp5
1

2
^u¹W 3~¹W v̄3rW !u2&, Ēt5

1

2
^u¹W w̄3rWu2&, ~6a!

FIG. 2. Time sequence of plots covering approximately ha
cycle of the hemispherical dynamo at the timest5t010.021n, n
50,1,2,3 ~from top to bottom! in the caset51.53104, R511
3105, P50.5, Pm50.8. The left plots show lines of constantBr

at the surfacer 5r o . The right plots show lines of constantB̄w ~left

half! and field lines ofBW̄ in the meridional plane~right half!. The
overbar indicates the axisymmetric component.
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Ěp5
1

2
^u¹W 3~¹W v̌3rW !u2&, Ět5

1

2
^u¹W w̌3rWu2&, ~6b!

where the bracketŝ•••& indicate the average over th
spherical shell,v̄ denotes the axisymmetric component ofv
and v̌[v2 v̄ denotes the azimuthally fluctuating compone
of v. The corresponding magnetic energiesM̄ p ,M̄ t ,M̌ p ,M̌ t
are defined analogously withh andg replacingv andw. In
the case of the magnetic energies we have further sepa
them into dipolar and quadrupolar parts.

The computations shown in Fig. 3 have been exten
until the timet57. No further change in the character of th
dynamo did occur except for a short interval of quadrupo
symmetry aroundt55.4. Generally quadrupolar dynamo

a
FIG. 3. Energy densitiesM̄ p , M̄ t , M̌ p , M̌ t for quadrupolar

~solid lines! and dipolar~dotted lines! components of the magneti
field as a function of timet in the caset5104, R56.53105, P
51, Pm52. Also shown are the kinetic energy densiti

Ēp , Ēt , Ěp , Ět ~indicated by dashed lines!. The scales for

Ēp , Ēt , Ěp , Ět must be multiplied by the factors 0.2, 5, 10, 1
respectively.
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are preferred at somewhat higher values ofP and slightly
lower values ofPm . At magnetic Prandtl numbers of th
order 10 or higher dipolar dynamos are preferred. It sho
be emphasized that in spite of their chaotic nature the th
types of dynamos can clearly be distinguished as long as
symmetry of the velocity field with respect to the equator
plane is approximately satisfied.

The basic reason for the preference of hemispherical
namos seems to be that the Lorentz force acting on the
vection columns is twice as effective for a given amount
generated magnetic flux when this flux is concentrated in
hemisphere instead of being distributed over both. In
case of chaotic dipolar and quadrupolar dynamos a loca
od
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tion of magnetic flux can also be observed. But it occurs
longitude rather than in latitude.

There is little evidence for hemispherical dynamos in st
or planets, except for one intriguing set of observations. D
ing the Maunder sunspot minimum in the 17th century s
spots were observed almost exclusively in the south
hemisphere of the sun. Even when sunspots reappeare
substantial numbers in the cycle of 1700 to 1710, more t
95% of them occurred at southern latitudes@6#. There is thus
a strong indication that the solar dynamo has operated
hemispherical fashion during that period of time.

We thank Professor N.O. Weiss for drawing our attent
to the evidence for a hemispherical solar dynamo. The HL
Stuttgart has generously contributed computer time.
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